In this work, we study the synchronization of a group of phase oscillators (rotors) in the small-world (SW) networks. The distribution of intrinsic angular frequency of the rotors are given by a Lorenz probability density function with zero mean and the width γ, and their dynamics are governed by the Kuramoto model. We find that the partially synchronized states of identical oscillators (with γ = 0) in the SW network, become more synchronized when γ increases up to an optimum value, where the synchrony in the system reaches a maximum and then start to fall. We discuss that the reason for this "diversity enhanced synchronization" is the weakening and destruction of topological defects presented in the partially synchronized attractors of the Kuramoto model in SW network of identical oscillators. We also show that introducing the diversity in the intrinsic frequency of the rotary agents makes the fully synchronized state in the SW networks, more fragile than the one in the random networks.
in the form of some helical patterns, which are topologically distinct and characterized by integer winding numbers [18] .
The SW networks, owning both the high clustering coefficient of the regular and small mean path length of random networks, are constructed by rewiring of the links of a regular network by a small probability p ∼ 0.01 [19, 20] . Many real networks, such as some brain neuronal connectivities or human friendship networks are shown to have SW characteristic [21] . The interesting properties of SW networks motivated some studies on the synchronization of the Kuramoto model in these networks [18, 20, [22] [23] [24] [25] .
Interestingly, the multiplicity in the attractors of the Kuramoto model in an SW network of phase oscillators with equal intrinsic frequencies has also been observed [18] . Rewiring the links of the regular lattice tends to the transformation of the helical patterns to the partially synchronized state with isolated or quasi-periodic extended defects. Indeed, the helical states with a small winding number are converted to the phase texture with a few numbers of isolated point defects, where the phase difference of oscillators vary continuously from 0 to π upon moving toward the defect center. However, the states with a higher winding number are more robust against link rewiring and are transformed to agitated helical patterns.
These defect patterns have nontrivial topologies and hence are protected against small perturbations. Nevertheless, introducing an additive uncorrelated white noise to the Kuramoto dynamics with large enough strength, gives rise to the destruction of these defects, hence producing a more uniform phase pattern with higher amount of synchrony, a phenomenon which is called stochastic synchronization [18] .
Motivated by the striking results of the Kuramoto model in an SW network of similar oscillators, in this work we aim to study the effect of diversity on the defect patterns discussed above. To this end, we consider a Lorentz distribution for the intrinsic angular frequencies of the phase oscillators.
The paper is organized as the following. In section II, we define the model and the numerical methods of quantifying the synchronization. Section III represents the results and discussion and section IV is devoted to the concluding remarks. arXiv:1908.00319v1 [nlin.CD] 1 Aug 2019 II. MODEL AND METHOD Consider a system of N self-sustained oscillators, residing on the vertices of a network in such a way that the interaction between any pair of oscillators is represented by a link between the two. In this work, we consider the symmetric mutual coupling that is the Kuramoto coupling given by the sine of their phase difference. Then the model is given by the following set of coupled differential equations [6] :
where θ i and ω i denote the phase and intrinsic frequency of the oscillator at node i, respectively. a ij denotes the elements of the adjacency matrix (i.e. a ij = 1 if i and j are connected and a ij = 0 otherwise), λ > 0 is the coupling strength between any two connected oscillators i and j, and k i is the degree of the node i. The intrinsic frequencies ω i are randomly chosen from a Lorentz probability density function with zero mean and width γ
.
In the case that the mean frequency is not zero (ω = 0), one can always sets it to zero by moving to a rotating frame with the angular velocityω, i.e. θ (t) = θ(t) −ωt.
The coupling λ in equation (1) can be absorbed to the time variable, t, to give a dimensionless parameter τ = λt, henceforth eq. (1) turns to
in which ω i = ω i /λ whose distribution is given by g(ω ; γ ) = λg(ω; γ) and γ = γ/λ. Therefore, the only effect of λ is the rescaling of the width of frequency distribution, hence in the rest of this work, we set it to unity. In order to characterize the synchrony among the oscillators at any time in the model, an order parameter can be defined as:
Depending on the degree of synchrony, r takes a value between 0 and 1. r = 0 indicates a totally random phase distribution or a phase locked state, whereas 0 < r < 1 indicates a partially synchronized state. As the system becomes more coherent, r will approach to 1. While the order parameter r gives a global sense of synchrony among the oscillators, the local dynamics in the stationary state can be represented by the pairwise correlation matrix D, defined as [26] :
The matrix elements D ij take a value in the interval [−1, 1]. D ij = 1 denotes full synchrony between oscillators i and j, while D ij = −1, represents an anti-phase state (i.e.|θ i −θ j | = π). τ r is the time needed to reach a stationary state.
The networks that we study in this work are created by Watts-Strogatz (WS) algorithm [19, 20] . In this algorithm, starting from a regular lattice with a given degree of k for each node, one rewires the links with the probability p. It has been shown that for 0.005 p 0.05, this process gives rise to an SW network with small mean path length and large clustering coefficient. Increasing the rewiring probability tends to lower the clustering coefficient while keeping the mean path length small which are the peculiarities of a random network given by p = 1 [27] .
III. RESULTS AND DISCUSSION
To obtain the time evolution of the phase of the oscillators and also the order parameter (4), we use the fourth order Runge-Kutta method for integrating the set of equations (3). The integration time step is set to dτ = 0.01 and the initial phase distribution is taken from a box distribution in the interval [−π, π].
Figures 1-(a) and 1-(b) show the time dependence (in logarithmic scale) of the order parameter for three frequency distribution widths γ = 0.02, 0.06, 0.25 and similar initial phase distributions for a random and SW network with the rewiring probability p = 0.03, respectively. As it is clear from this figure, the order parameter reaches the stationary state for the random network in ∼ 100 simulation time steps, however, reaching to a stationary state takes much longer time (∼ 10 4 simulation steps) for the SW network. More interestingly, while in the random network the stationary order parameter (r ∞ ) decreases by increasing the frequency width γ, the variation of the stationary order parameter in the SW network is not monotonic versus γ. Indeed, r ∞ moves up when γ rises from 0.02 to 0.06 and then falls down by increasing to γ = 0.25.
We proceed to find the dependence of long-time order parameter r ∞ to the width of frequency distribution γ. Since it has been shown that the stationary state of the Kuramoto model in an SW network is not unique for delta distributed (γ = 0) intrinsic frequencies [18] , we investigate the full and partial synchronized states, separately.
In the random network, the full synchrony (r = 1) is the only attractor when all the oscillators have the same intrinsic frequency, so it is easy to find the variation of the stationary order parameter r ∞ in terms of γ for this network. However, since the stationary state is dependent on the initial condition in SW network, for a comparison with the random network we consider an initial phase distribution ending up to the fully synchronized state in SW network when γ = 0, and obtain the variation of stationary order parameter (r ∞ ) versus γ. Such a comparison is illustrated in figure 2 . These results are obtained by averaging over 10 different realizations of frequency distributions for each γ and a fixed WS network of p = 1 for the random and p = 0.03 for the SW network. This figure shows a faster falling of r ∞ versus γ for the SW network than the random network, indicating the more resistance of synchrony in the random networks, against the diversity in intrinsic frequency. Now, we consider the case of a partially synchronized state in the SW network. Most of the initial phase distributions tend to reach the inhomogeneous stationary phase patterns with r < 1 for γ = 0 [18] . Figure 3 represents that how r ∞ varies in terms of γ when three of such phase distributions are chosen as the initial conditions of equation (3). The results are averaged over 10 different frequency distributions (g(ω))
FIG. 2. (Color online)
Stationary order parameters r∞ versus the width of intrinsic frequency distribution γ, for a random (p = 1) and an SW (p = 0.03) network of N = 1000 and < k >= 10. These results are obtained by averaging over 10 different realizations of frequency distribution and the error bars are less than the size of the symbols. The initial phase distributions of the SW network are chosen in the ways that end up to the full synchronized state at γ = 0. on a WS network with p = 0.03 and the error bars indicate the standard error of the mean (SEM) over the stationary state of these 10 simulations. All the plots in this figure indicate the enhancement of synchrony by increasing the width of frequency distribution up to γ ≈ 0.06 and then declining the synchrony for γ > 0.06.
To gain a detailed insight into this interesting r ∞ versus γ behavior, in figure 4 , we illustrate the density plots of correlation matrix elements given by Eq. ure represents the evolution of the defect pattern in terms of γ, which gives rise to its weakening by increasing the frequency PDF width γ and formation of a more homogeneous state, and consequently the growth of synchrony at γ = 0.06. After the defects being disappeared, increasing γ naturally tends to monotonically decrease of synchrony. This is similar to the stochastic synchronization in an SW network of identical phase oscillators, where a maximum enhancement in the synchrony takes place at a specific applied noise strength on the oscillators [18] . In this work, we name this phenomenon "diversity enhanced synchronization". The enhancement in the collective firing of individuals induced by diversity has also been reported in excitable media [28] .
To make sure that theses results are not the artifact of using only one network realization, We performed the above simulations on 10 SW networks with the same number of nodes, degree and rewiring probability, but with different rewiring realizations and observed the diversity enhanced synchroniza-tion in all of them. However, the value of γ at which the maximum synchronization occurs could differ a little from sample to sample. Moreover, we found that increasing the rewiring probability p gives rise to declining of the optimum value of γ at which the maximum synchrony takes place (Fig. 5 ). For p > 0.15 there is no diversity enhancement of synchronization and the system behaves like a random network.
IV. CONCLUSION
A small-world network of rotating agents with the Kuramoto dynamics is shown to have multiple stationary attractors, characterized by isolated or extended defects. The agents in such defects are in an anti-phase state with the rest of rotors. It has already been shown that applying an external spatially uncorrelated white noise on this system, up to optimal strength, increases the synchrony in the system by destroying the defects [18] . Here, we show that such an enhancement in the synchrony of a Kuramoto model in an SW network occurs by increasing the diversity in the intrinsic frequencies of the oscillators. This work may provide a simple model, indicating the important role of diversity in rising the coherency in human societies which are known to have small-world connectivity.
